With the recent flurry of research on satellite formation flying, a need has become apparent for a set of linearized equations of relative motion that capture the effect of the J 2 geopotential disturbance force. Typically, Hill's linearized equations of relative motion have been used for this analysis, but they fail to capture the effect of the J 2 disturbance force on a satellite cluster. In this paper, a new set of constant coefficient, linearized differential equations of motion is derived. These equations are similar in form to Hill's equations, but they capture the effects of the J 2 disturbance force. A numerical simulator is employed to check the fidelity of the equations. It is shown that with the appropriate initial conditions, the new lin * earized equations of motion have periodic errors (on the order of centimeters) that do not grow in time. The new linearized equations of motion also allow for insight into the effects of the J 2 disturbance on a satellite cluster. This includes 'tumbling', the period of the relative orbit, and satellite separation due to differential J 2 effects. Overall, a new high fidelity set of linearized equations are produced that are well suited to model satellite relative motion in the presence of the J 2 disturbance force.
INTRODUCTION
Satellite formation flying is the placing of multiple satellites into nearby orbits to form 'clusters' of satellites. With the desire to place spacecraft into clusters, comes the need to accurately determine and control the position of satellites within the formation. In order to accomplish this, researchers initially turned to Hill's equations, also known as the ClohessyWillshire equations. Hill's equations are a set of linearized equations that describe the relative motion of two spacecraft in similar near-circular orbits assuming Keplerian central force motion While Hill's equations have proven useful, they are limited by the assumption that the disturbance forces acting on the satellites are negligible. The disturbance cited time and time again as preventing Hill's equation from being a completely useful tool for formation flying is the J 2 geopotential. Because the Earth is an oblate spheroid, the gravitational potential is not constant as the satellite orbits the earth. This disturbance causes many variations over time in the satellite orbital elements and must be included.
Currently, there are many different ways of describing satellite motion within a cluster in the presence of the J 2 disturbance. Some papers employ Hill's equations as their sole means of determining the satellite motion. Others cite the errors in Hill's equations, primarily due to differential J 2 forces and calculate the errors incurred by using them. Finally some use non-linear techniques to derive their solutions.
The paper by Sabol, Burns, and McLaughlin 2 , gives a brief overview on the evolution of formation flying, and utilizes Hill's equations to describe different types of cluster designs. Each cluster design is placed into a simulator with realistic dynamics, and the results from each simulation are presented and discussed. The effects of the J 2 disturbance force are noted and a control scheme is presented for formation keeping. Using Gauss' variation of parameters, the minimum v ∆ needed to counteract the J 2 disturbance force was calculated.
Work by Sedwick, Miller and Kong 3 analyzes an assortment of perturbation effects of a satellite cluster. These include a non-spherical Earth, atmospheric drag, solar radiation pressure, and magnetic field interactions. This is done by first using a nondimensional approach to determine the scaling of each perturbation effect. For the J 2 analysis, the disturbance force is added to the right side of Hill's equations. In order to calculate the differential J 2 effects, a nominal trajectory is projected into the J 2 force to produce a American Institute of Aeronautics and Astronautics new forcing function. The resonant terms in this forcing function are responsible for the secular drift in the relative motion, and the v ∆ needed to counteract these forces is presented. The other disturbance forces, including the error due to the linearization, are also looked at in more detail. The resulting total v ∆ necessary for station keeping is analyzed and
presented.
An analytical method by Alfriend, Schaub, and Gim 4 is used to evaluate the differential J 2 forces and the effects of using Hill's equations. In this paper, a state transition matrix is calculated that relates the changes in the orbital elements to changes in the local coordinate frame. The resulting equations are compared to Hill's equations in the presence of J 2 perturbations, and eccentric reference orbits. The results showed that using this state transition matrix provided better results than that obtained with Hill's equations.
In a later work by Vadali, et al. 5 , an approach in the same vein as that of Sedwick, et al. 3 was employed. This approach seeks a linearized combination of Hill's equations with the J 2 effect included. The approach by Vadali used a modified reference frame (termed the 'ghost' frame) that tracked the mean drift rates of both a 'chief' and 'deputy' satellite. The resulting equations were linear with periodic coefficients, and differencing them produced a homogeneous set of equations that could be numerically integrated to track the relative motion of two satellites with the same accuracy as their nonlinear simulations for periods up to one day. The magnitude of the error is not explicitly stated.
Previous work by the authors of this paper 6 also partially includes the mean motion of the satellites in defining the reference orbit. In the paper, both the gradient of the J 2 force and the gradient of the spherical gravitational potential are incorporated to form a new set of constant coefficient linearized equations. At the time of the writing, the cross-track motion was just being understood and was not fully explained. This paper will complete the analysis of the cross-track motion and provide the final linearized equations of motion.
A common thread in the approaches of the third and sixth reference, and this work is to develop a set of linear equations with constant coefficients.
The advantage to such an approach is to provide an analytic solution to the dynamics of satellites in a cluster that is sufficiently accurate to properly represent motion over multiple orbits. It also allows for an intuitive understanding of the resulting cluster motion. The benefits of having such a solution will become clear in the analysis section of this paper.
EQUATION DEVELOPMENT
As with the Hill's equations, a local coordinate frame is used. See Figure 1 . The x vector points in the radial direction, the ẑ vector is perpendicular to the orbital plane and points in the direction of the angular momentum vector. Finally, theŷ vector completes movement. In the ˆˆx y z − − coordinate system, the stipulation is made that it is a curvilinear coordinate system. The x vector remains unchanged, however the ŷ and the ẑ vector 'curve' around the orbit. In this way, the coordinate system is very much like a spherical coordinate system.
The derivation begins with the analytical equation of motion
where ( ) g r G G is the gravitational force due to a spherical Earth,
and 2 ( ) J r K G is the acceleration due to the J 2 disturbance 1 . 
A reference orbit is now introduced. For simplicity, a circular reference orbit only under the gravitational influence of a spherical Earth is initially used, however the following development is not dependent on this assumption. The derivation only requires that the reference orbit is constant radius.
( ) 
Using a spherical coordinate system (ˆr i θ − − ), the gradient of the ( ) g r G G gravitational force is calculated.
The result is a 2 nd order tensor.
The J 2 disturbance (equation (3)) is given in ˆˆx y z − − coordinates. However the equation can be transformed directly to a ˆr i θ − − coordinate system without any loss of generality. The resulting gradient is shown below in equation (7).
As in the derivation of Hill's equations, motion is taken with respect to the reference orbit. This relative motion is denoted as x G .
Since the reference orbit is rotating, rotational terms are needed when calculating the relative motion of the satellites. The 'rel' subscripts will be dropped in the remainder of the text.
( )
For a circular reference orbit the rotation rate of the coordinate system is given as 3ˆr ef z nz r
Substituting equation (5) 
Equation (11) 
CORRECTING THE ORBITAL PERIOD OF THE REFERENCE ORBIT
Under the influence of the J 2 disturbance, the perturbed satellite will have a different orbital period than when unperturbed. Because of this discrepancy, the satellites in the cluster drift from the unperturbed reference orbit and eventually the linearized equations break down. To fix this problem, the period of the reference orbit must be adjusted to match the period of the satellites in the cluster.
The change in period due to the J 2 disturbance can be found from the average J 2 disturbance (not to be confused with the time average of the gradient of the J 2 term taken above). The equation of motion of the reference orbit, see equation (4), now becomes
where 
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Now that the reference orbit has a new period, the angular velocity vector of the rotating coordinate system must also be updated. 
CORRECTING THE NODAL DRIFT OF THE REFERENCE ORBIT
While the above equations of motion are a vast improvement over Hill's equations when incorporating the J 2 disturbance force, more can be done. Even though the orbital period of the reference orbit has been adjusted to match the perturbed satellite, they still drift apart due to separation of the longitude of the ascending node. While this motion is captured by the equations, this section will derive an expression for a new reference orbit that has the same drift in the longitude of the ascending node as the perturbed satellite. This will be accomplished by using mean variations in the orbital elements. It should be noted that the expressions for the new reference orbit created in this section is only an approximate solution and modeling errors are introduced as a result.
Referring to Figure 2 , if both the reference orbit and a satellite in the cluster start at point A, after one orbital period the perturbed satellite will be at point B while the current reference orbit will return to point A. The satellites are now separated by a distance z ∆ . After two orbital periods, the satellites will be separated by an additional z ∆ , and this process will continue causing the satellites to drift farther and farther apart.
Because the J 2 disturbance is responsible for this separation, the solution to this problem is to determine the aspect of the J 2 disturbance that causes the drift in the ẑ direction and incorporate it into the reference orbit.
Using Gauss' mean variation in the orbital elements 1 , it can be shown that the normal component of the J 2 disturbance is responsible for the drift in the longitude of the ascending node.
Applying the normal component of the J 2 disturbance to the reference orbit results in
With the addition of this acceleration onto the reference orbit, both the satellite and the reference orbit will have similar drift in the longitude of the ascending node. Thus, they will not drift apart. It should be noted that differential J 2 effects due to the perturbed satellite and the reference orbit having different inclinations may still cause differential drift in the two orbits, but this drift is on a much smaller scale and will be accounted for later in the paper.
With the addition of the new acceleration term onto the reference orbit, it is not easy to analytically describe the motion of the new reference orbit. One solution is to look at the mean variation of the orbital elements 
Equation (21) 
Substituting the appropriate terms into the equation (22) results in the differential equation (23) shown below.
CORRECTING CROSS-TRACK MOTION
The cross-track motion is deceivingly the most complex motion seen by the satellite cluster. While the linearized differential equations of motion look simple for the ẑ direction, (they are not coupled with the other directions), the actual motion is more complex and is not correctly captured by the equations so far. Under the influence of the J 2 disturbance, the orbital planes rotate around the Ẑ axis (the north pole). This is due to the fact that the J 2 disturbance is symmetric across the equator. The new linearized equations of motion, instead of predicting that the orbital planes rotate around the Ẑ axis, predict that the orbital planes rotate around the vector normal to the reference orbit, (the ẑ axis).
The reason why the linearized equations of motion fail to capture the cross-track motion is that the gradient of the J 2 disturbance is modeled by taking its time average. This assumption causes the J 2 disturbance to appear symmetrical about the current reference orbital plane. For radial and in-plane motion, the assumption of the time averaged J 2 disturbance causes no significant errors and no changes are required. However for cross-track motion, the error is significant.
Cross-track motion is due solely to the fact that the satellite orbit and the associated reference orbit are not coplanar. It is a periodic motion that is equal to zero when the two orbital planes intersect, and is at a maximum 90° away from the intersection of the planes. The intersection of the two planes is based on differences in the inclination and longitude of the ascending node between the orbital planes. Under the influence of the J 2 disturbance, these orbital planes move.
As they move, both the argument and the amplitude of the periodic terms change. This changing is not linear, and spherical trigonometry can be used to derive the out-of-plane motion. Once the argument, B(t), and amplitude, A(t), are known as functions of time, the equation for out of plane motion can be written in the form 
The Argument of the Periodic Terms
The argument of the periodic terms is defined by the length of time between crossing the intersection of the two planes and returning to that same intersection. When the orbital planes move, the location of this intersection also changes, and thus the argument of the periodic terms is also changing. The distance between the intersections of the orbital planes from one pass to the next can be calculated. Figure 3 shows the orbit of a reference satellite, and the orbit of the perturbed satellite as they cross the equator (dashed lines).
Using spherical trigonometry, γ can be calculated. 
Because of the J 2 disturbance, the orbits' longitude of the ascending node will precess. This precession of the two orbital planes causes the location of the crossing of the two orbital planes to change. This motion can be thought of as a scissoring effect. When a pair of scissors is opened, the point of intersection of the two blades moves very rapidly from the tips back. As the handle is opened further, the rate at which the intersection of the two blades moves towards the handles slows down. With orbital planes, the location of the intersection of the orbital planes will move very quickly away from the equator, and 
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then as it approaches the poles it will slow down.
Once a function for δγ has been calculated, the arguments of the periodic terms can be calculated.
( ) 1 B t n s t
If the first order approximation of δγ , equation (29), is used then B(t) is a constant.
THE AMPLITUDE OF THE PERIODIC TERMS
The amplitude of the out-of-plane terms is dependent on the maximum separation between the two different orbital planes. This can once again be calculated with spherical trigonometry.
From Figure 4 , it can be seen that the maximum amplitude is based only on the inclination of both orbits, and their separation at the equator.
The angle Φ can be calculated using 1 ( ) ( ...
... ( )) sat ref sat ref t Cos Cos i Cos i Sin i Sin i Cos t
where ∆Ω is the time varying separation of the longitude of the ascending nodes.
Now that Φ has been determined as a function of time, the amplitude of the out of plane motion can be defined as 
A t r t A t r Cos Cos i Cos i Sin i Sin i Cos t
There are times when the inclination of the reference orbit and the inclination of the satellite are identical. When this is the case, the two orbital planes intersect at 90 θ = D , and using Figure 5 , the amplitude can be simply calculated by
When ∆Ω is small, this can be approximated by
FINAL CROSS-TRACK EQUATIONS OF MOTION
Having determined both the amplitude and the argument of the periodic terms, we can now write the out-of-plane motion as or motion due to the differential J 2 disturbance is not taken into account the cross-track motion greatly simplifies. Because there is no change in the amplitude of the cross track terms, ( ) A t and ( ) B t are constants. 
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SATELLITE RELATIVE MOTION
While the motion of a satellite with respect to the reference orbit is interesting, what really matters in formation flying is the relative motion of one satellite with respect to another satellite in the cluster.
Deriving the relative motion can be accomplished by applying the substitution of 2 1 
INITIAL CONDITIONS AND CLOSED FORM SOLUTIONS
The solutions to the new linearized equations of motion are dependent on six initial conditions. These initial conditions are specified as the initial position and velocity of the satellite ( 0 0 0 0 0 0 , , , , , x y z x y z ). Two of the initial conditions 0 0 ( and ) x y can be solved for to eliminate drift and set the average offset from the origin to zero. However, the use of these analytically derived conditions does not totally eliminate the drift. The reason for the error is 3-fold, consisting of general linearization, time averaging of the J 2 term and timeaveraging its gradient. The linearization and time averaging of the gradient are unavoidable, since these are necessary to maintain linear, constant coefficient equations of motion. It can be argued, however, that a better approximation of the time-average J 2 disturbance could be used, since the average is taken under the assumption of a constant radius orbit.
If the true path of the satellite was used to calculate the time average, then the reference orbit period may in fact be closer to the 'true' period. However, there is no way to unambiguously select the initial conditions of the orbit to be tracked, since under the J 2 disturbance there are no longer 'circular' or otherwise unique orbits. For this reason, it seems most practical to follow the current approach of averaging under the assumption of a constant radius, and find a means to better calculate the correct no-drift initial conditions. Although an analytical method using energy conservation was employed with some success for satellites having the same inclination as the reference orbit, a universal method for establishing the no-drift condition has not yet been identified. In the examples to follow, the initial conditions are found numerically in order to isolate errors introduced by the other approximations.
NUMERICAL RESULTS
The new linearized equations of motion are now checked for validity by comparing the solution a numerical simulation. For these numerical simulations, a cluster with a semi-major axis of 7000 km, inclination of 35°, and an inter-satellite spacing of 100 m is used. The results for each simulation will be presented in a similar manner. Each figure will have six different plots. Along the left side will be the motion of the satellite in the three orthogonal directions (radial, in-track, and cross-track). Each plot will have the motion of the satellite according to the linearized equations of motion (solid line), and the motion as determined from a numerical simulation (dashed line). Along the right side of the figure will be the differences between the numerical simulation and the solution to the linearized equations of motion.
ABSOLUTE MOTION
The first motion analyzed will be one satellite relative to the reference frame. This will be termed absolute motion. The reference orbit has the same mean variation in the longitude of the ascending node and period as the satellite. This simulation will initialize the satellite coincident and in the same orbital plane as the reference orbit.
As seen in Figure 5 , the radial error is periodic with an amplitude of only 14 meters. This is an improvement of three orders of magnitude when compared to Hill's equations. In the in-track direction, there is also periodic with an error of only 15 meters. Finally, since the reference orbit's mean motion has been matched to that of the perturbed satellite, there is only a small periodic error of 2 meters. American Institute of Aeronautics and Astronautics
RELATIVE MOTION
In this section, the relative motion of a satellite with respect to a second satellite in the cluster will be calculated and compared to a numerical simulation. The initial conditions will be set such that the satellite will be a 100 meters away from the second satellite. In order to better characterize the errors, each initial condition will be varied independently. There are six different initial conditions that can be specified. Three position components ( , , ) . This initial velocity was found so that the max cross-track separation was 100m. Because 0 0 z = (the orbital plane intersect at the equator), these initial conditions establish the maximum possible inclination difference given the maximum cross-track separation. This is also the case of maximum differential drift in the cross-track direction due to differential J 2 effects. It is expected that the two satellites should drift apart due to different precession rates of the ascending nodes, and in fact they do at a rate of a few millimeters per orbit. Correctly calculating A(t) and B(t) should capture this effect, and as shown in Figure 9 , this effect is captured. The cross-track motion has a periodic error with an amplitude of 1 cm. The maximum error is in the intrack direction with an amplitude of 20 cm. 
TUMBLING
Having validated the new set of differential equations, some interesting artifacts can be observed in the their solutions. While the solution to the equations is very similar to that of Hill's equations, one obvious difference is that the period of the cross-track terms is different than the in-plane terms, which are coupled. This difference in period results in a phenomenon coined by the authors as 'Tumbling' because the cluster appears to tumble around the ẑ axis. This effect can be better visualized by using a model of satellites in a cluster proposed by Yeh and Sparks 7 . Their model, which used Hill's equations, states that the motion of satellites in a cluster is on the locus of points described by the intersection of a plane and an elliptical cylinder with the axis of the cylinder along the cross-track direction. There is no restriction on the normal of the plane, but the more interesting solutions result when it is not coincident with the cylindrical axis. The difference in periods between the cross-track terms and the in-plane terms results in the precession of the normal vector of the plane around the cylindrical axis. This motion gives the cluster the appearance of tumbling around the cross-track axis over time. The period of this tumbling is a result of a beating phenomenon between the cross-track and in-plane periods and is much longer than either.
For satellite formations that have strict requirements on the projections of the cluster onto the ground, tumbling will cause their projection to degrade over time. For instance, if all of the satellites in a cluster reside in one plane, over time the cluster will oscillate between projecting an ellipse and projection a line at the nadir point. Two possible solutions to this problem are to either control the tumbling at a cost of propellant, or over populate the cluster to provide an adequate geometry at all times.
CONCLUSIONS
A set of constant coefficient linearized differential equations has been developed for describing the relative motion for satellites in the presence of the J 2 disturbance. These equations were validated using an orbit propagator that incorporates only the J 2 disturbance. The initial conditions derived from the equations of motion to establish zero drift were correct to within m/s µ , however even this will produce secular drift in the in-track direction on the order of meters/orbit. If the correct initial conditions are found numerically, the solutions to the new linearized equations are accurate to within 0.2% of the overall cluster size, and have no secular drift. The only secular motion that cannot be eliminated with the proper selection of initial conditions is the differential cross-track motion that results from a difference in precession rates of the ascending nodes. Also, the difference in cross-track and in-plane periods results in an effect referred to as 'tumbling'. This motion is an important consideration for clusters that require specific ground projections since the tumbling motion will cause these projections to vary over time. The development of these linear constant coefficient equations of motion brings insight to satellite cluster dynamics and provides a tool for developing trajectory optimization and control algorithms.
